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Models for three interesting magnetohydrodynamic (MHD) flows have been considered, whereby predicted 
numerical solutions are compared with their analytical counterparts. Predicted solutions were obtained from 
simulations carried out using the CFD code PHOENICS, with a Fortran attachment supplying momentum sources 
to the equations of motion to model the efSect of an externally imposed magnetic$eld. The mathematical 
formulations adopted and the analytical solutions obtained are described together with the results of the 
computations. 
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1. Introduction 
It is well-known that an electrical conductor moving in 
a magnetic field generates an electromotive force (emf) 
that is proportional to its speed of motion and the 
magnetic field strength. Correspondingly this induced 
emf acts with the magnetic field to produce a restraining 
force on the conductor that impedes its motion. In the 
case of magnetohydrodynamics, or MHD, the conductor 
in question is a fluid and the restraining force is a sink 
of momentum acting on the fluid. For this coupling 
between the fluid flow equations and the electromagnetic 
field equations to take place, the fluid has to be electric- 
ally conducting, as in the case of liquid metals or gases, 
which are at a high, ionizing temperature. 
The action at a distance of a magnetic field on the fluid 
has many practical applications. Examples in the metals 
processing industry include the control of liquid metals 
in continuous casting processes,‘,’ plasma welding,3 elec- 
trolytic Hall cells for aluminum smelting,4 electromagne- 
tically supported melts, nonintrusive flow control in steel 
tundishes5 and many others. Another big application 
area concerns the nuclear industry, where liquid metal 
blankets are used for their high heat transfer properties 
and shielding capabilities under the influence of strong 
magnetic fields.6 An example of this is the Tokamak 
reactor. Mathematical models capable of addressing the 
MHD problem are particularly desirable because xperi- 
ments in the hostile environment encountered in all these 
applications are extremely difficult to perform. 
The field of MHD is complex as it involves the solution 
of both the Navier-Stokes equations characterizing fluid 
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flow and Maxwell’s equations for the magnetic field. This 
is especially true in instances where the two fields are 
strongly coupled. In most situations, analytic solutions 
of the coupled sets of equations do not exist; numerical 
techniques provide the only means available for address- 
ing realistic industrial problems. The efforts of Szekely 
and co-workers3g5 and Castrejon7 have shown this to 
be possible, at least where the magnetic field can be 
assumed not to be affected by fluid motion. Recent work 
by Maeda 8*9 has shown pr omise in tackling at least 
simple MHD flows, where the influence of the flow field 
on the magnetic field is accounted for. The authors are 
involved in research that aims to achieve a full coupling 
between the magnetic and flow fields in three-dimen- 
sional situations. Preliminary results appear encour- 
aging, and future publications will detail the approach 
taken. At present, and in order to test the accuracy of 
the techniques developed, computations are presented 
for simple flows for which analytical solutions exist. 
The three flows studied in this paper are, namely, a 
boundary layer flow with an imposed transverse magne- 
tic field, Hartmann flow, and magnetic Couette flow. All 
cases are considered steady and the fluids viscous, in- 
compressible, and Newtonian. Simplifications have been 
made in each of the three numerical simulations so that 
the models can be compared with their analytical solu- 
tions. The Hartmannlo~‘l flow is of particular interest 
as it has been utilized by researchers for many years as 
a benchmark for the development of MHD models (e.g., 
Refs. 7 and 8). 
2. The numerical framework 
The commercial CFD code PHOENICS” was used for the 
simulations presented here. PHOENICS obtains solutions 
of the Navier-Stokes equations characterizing fluid flow 
by solving an equivalent simultaneous et of discretized 
0 1994 Butterworth-Heinemann 
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magnitude I/ x B and subsequently a current of 
Jind = a(V x B) (5) 
If transport of charge due to macroscopic velocity can 
be ignored, then total current flow can be defined as 
J = a(E + I/ x B) (6) 
which is Ohm’s law for a moving conductor in a magnetic 
field. 
algebraic equations. The latter are obtained by inte- 
grating the Navier-Stokes equations over finite control 
volumes, defined by a solution mesh. The staggered 
convention is used, which assumes all scalar variables 
are located in the cell center, while the velocity (and 
magnetic field) components reside at cell faces. The 
discretized equations are linear in form but they have 
nonconstant coefficients. For this reason they need to be 
solved iteratively. 
The solution procedure embedded in PHOENICS for this 
purpose is called SIMPLEST, a variant of the well-known 
SIMPLE algorithm of Patankar and Spalding. “*I4 (SIMPLE 
is an acronym for semi-implicit method for pressure- 
linked equations). The basis of the procedure is to 
successively adjust the pressure field derived from the 
momentum equations in order to eliminate continuity 
errors. 
Within PHOENICS two main types of solution procedure 
are available, namely elliptic and parabolic. The elliptic 
procedure takes into account the downstream flow con- 
ditions when calculating velocities, whereas with the 
parabolic procedure upstream velocities are not affected 
by those downstream. The parabolic procedure is valid 
only for flows that are predominant in one direction, 
such as boundary layers or subsonic flows in ducts, 
whereas the elliptic procedure can be used more generally 
if recirculation is expected. The parabolic procedure, 
where it can be used, can lead to substantial economy 
in computation because it reduces the dimensionality of 
the problem. 
The elliptic procedure has been used in the Hartmann 
flow example, whereas the parabolic procedure has been 
used in the other two cases. 
3. Electromagnetic concepts 
In addition to the flow equations, MHD problems need 
to address electromagnetic concepts. The basic equations 
needed are given below. 
In a neutrally charged system with static conductors 
the current density J is defined by 
J = aE (1) 
where u = electrical conductivity 
E = electric field 
The magnetic flux density B is expressed by 
B=pH (2) 
where 1( is the magnetic permeability and H is the 
magnetic field strength. 
The force exerted on a system of moving charged 
particles by an electric field is given by 
F,, = p,E + J x B (3) 
where pe is the electric charge density. 
However, because pe < J x B the force acting on the 
conductor can be considered to be 
F,, = J x B (4) 
The magnetic field induces an emf in the conductor of 
4. Test cases considered 
The magnetic boundary layer 
When a fluid flows over an object such as a plate, 
velocity gradients develop because of the friction from 
the plate surface outward. The area over which these 
gradients exist is known as a boundary layer and for a 
conducting fluid this boundary layer will be affected by 
the presence of a magnetic field. In general the presence 
of the magnetic field will tend to increase the boundary 
layer thickness due to the retarding force on the fluid 
motion.15 Consider the geometry illustrated in Figure 1. 
Imposed over the flow domain is a constant magnetic 
field in the y-direction, the field is assumed uniform inside 
the boundary layer, and the external electric field is zero. 
Applying the electromagnetic relationships introduced 
earlier, we find that the force on the fluid is a retarding 
one, and is given by -~Bzu, which is a force acting in 
the negative x-direction and will serve to thicken the 
boundary layer profile somewhat. 
Several simulations were performed in order to mea- 
sure the ratio of magnetic boundary layer to that of a 
layer with no applied magnetic field. The material con- 
sidered was given the properties of mercury. The thicken- 
ing of the boundary layer is given by the nondimensional 
ratio overleaf, which has been compared with the analyt- 
ical solution for varying magnetic field strengths. 
m _ 0.334 6 
6, 
- F (&=7N - 1)O.S (7) 
6, = magnetic boundary layer height 
6, = nonmagnetic boundary layer height 
Y 
t X 
09B,j 
Figure 1. The hydromagnetic boundary layer. 
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where N is the magnetic influence number, given by 
N = ~Bz.x/(p*~,). With other properties kept constant, 
N serves as a measure of magnetic field strength. In 
the expression for N, p = density and u, = free stream 
velocity. 
Hartmann flow 
Hartmann flow concerns the steady flow of an electric- 
ally conducting viscous fluid between parallel noncon- 
ducting plates with an applied transverse magnetic 
fie1d.l’ The configuration is shown in Figure 2. 
The extent of the plate surfaces is considered so large 
that edge effects can be neglected, and conditions depend 
only on the x-direction, which is normal to the plates, 
apart from pressure which varies in the direction of the 
flow. The plate walls are insulated and the induced 
magnetic field acts in the direction of the flow and 
hence will not affect the motion of the fluid. The Lorentz 
force, that is, the total electromagnetic force, acts 
against the motion of the fluid and is given by F,, = 
-@, + nB,)B,, 
where E, is the electric field (proportional to V x B) 
B, is the magnetic field strength 
u is the velocity in the direction of flow 
cr is the electrical conductivity 
The test case has been simulated and compared with an 
analytical solution for a range of Hartmann numbers 
(M), where M = aBza2/pf, where a is the channel half- 
width and p”, is the dynamic fluid viscosity. When all 
fluid properties are considered constant, an increasing 
Hartmann number is analogous to an increasing mag- 
netic field. 
Magnetic CouetteJEow 
A conducting fluid flows between two infinite parallel 
plates, separated by a distance L. The upper plate at 
y = L moves with a fixed velocity, while the bottom plate 
remains stationary. The geometry of the problem is 
illustrated in Figure 3. 
The dimensionless Lorentz force for this flow system can 
be written as M2(K - IV), where M is the Hartmann 
number; K is called the voltage ratio and represents the 
Figure 3. Magnetic Couette flow. 
ratio of voltage to open circuit voltage (K = E,/B,WJ, 
4, is the inlet velocity, and E, is the electric field 
intensity. 
This case has been compared with the analytical 
solution with varying Hartmann numbers for K = 0,0.5, 
1.0. The problem ignores various other influences, such 
as the Hall effects and ion-slip phenomena. 
5. Mathematical formulation 
The magnetic boundary layer 
We are applying the electromagnetic relationships to 
a very simple boundary layer flow system where a 
constant magnetic field is imposed in a transverse direc- 
tion to the flow. The field is assumed uniform throughout 
the boundary layer and the impressed electric field is 
zero. If all properties are assumed constant a momentum 
equation for the system can be written as 
p(u;+v$)= -$+$+Jx B (8) 
where the fluid velocity I/ = ui + uj, p is the density, and 
+/ax represents the pressure gradient. 
Using Ohm’s law with E = 0 we can write 
J = o(E + I/ x B) = o(V x B) 
= G’[(Ui + Uj) X Byj] 
= -auB~i 
which represents a force in the negative x-direction. 
The equation above can now be written as 
P(u$+“$)= -g++,,,, (9) 
The relation for laminar boundary layer thickness for 
a conducting fluid with imposed magnetic field can be 
expressed by’ 5 
6 2 0 _ x (10) 
where N = oBy2xlpuoo, the magnetic influence number, 
and 6 is the boundary layer height. Figure 2. Hartmann flow. 
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Table 1. Influence of N on boundary layer thickness 
N 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .o 
6, (meter) 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 9.4E-4 
6, (meter) 9.4E-4 1 .l E-3 1.6E-3 2.1 E-3 3.1 E-3 4.4E-3 5.9E-3 1 .I E-2 1.7E-2 2.5E-2 3.2E-2 
s,/&n 1 .o 0.85 0.59 0.44 0.30 0.21 0.16 0.08 0.05 0.04 0.03 
Analytical 1 .o 0.78 0.60 0.44 0.32 0.23 0.16 0.11 0.07 0.05 0.03 
The relation for laminar boundary layer thickness 
without a magnetic field is 
6 N 4.64 x 
& 
(11) 
x = downstream distance 
Re, = Reynolds number 
Hence we can form the comparative ratio, 
m _ 0.334 6 
6, _ x (e8.97n - 1)112 (12) 
where 6, is the boundary layer thickness in the presence 
of a magnetic field and 6, is the boundary layer thickness 
for zero magnetic field. 
Hartmann flow 
A uniform magnetic field B, is imposed in a transverse 
direction to the channel walls. A current is induced in 
the fluid in the x-direction. The momentum equation 
when written in dimensionless form is 
dP’ 1 a2W’ 
z+-‘2+ 
M2(K - W) o 
Re ay Re = 
(13) 
where y’ = ylyi”; Z’ = ZJyi,; W‘ = w/win; p’ = p/pwi’,; 
Re = Winyi,/V; M = a(B, yi,J2/,u; and K = EJw, B, 
y, is the channel half width 
Bi, is the imposed magnetic flux density (Tesla) 
a is the electrical conductivity (ohm/meter) 
E, is the electric field intensity (volt/meter) 
M is the ratio of electromagnetic forces to non- 
electromagnetic forces (Hartmann no.) 
K represents the ratio of the voltage to open 
circuit voltage. 
The analytical solution is given in Ref 11: 
w’ = M cash M(l - cosh{My}/cosh M)/ 
(M cash M - sinh M) (14) 
Magnetic Couette$ow 
Steady flow of the incompressible fluid is caused by 
viscous forces generated by the moving wall. The mo- 
mentum equation for this flow reduces to 
+ M2(k + w’) = 0 (15) 
where M is the Hartmann number representing the ratio 
of electromagnetic forces to viscous forces and K is the 
voltage ratio representing the ratio of voltage to open 
circuit voltage. 
The analytical solution is given by” 
w’ = k + ((1 - K) sinh My 
- K sinh M(l - Y))/sinh M (16) 
6. Numerical results 
The solutions for each of the cases studied are presented 
in tabular form. Results for Hartmann and couette flow 
are given for the center plane between the channel walls. 
In addition velocity profiles are presented. 
The magnetic boundary layer 
The results considered are for mercury at a distance 
of 38 cm from the leading edge of a plate. 
Magnetic channelflow 
Presented are predicted and analytic velocities at the 
channel midplane. 
Table 2. Effect of Hartmann number on maximum velocity 
Hartmann No. 0 1 2 3 4 10 
Velocity 1.499 1.477 1.421 1.358 1.309 1.160 
Analytical 1.500 1.470 1.417 1.347 1.284 1.111 
Magnetic Couetteftow 
Table 3(a). Predicted vs. analytic velocity maximum, K= 0 
Hartmann No. 1 4 10 
K 0 0 0 
Velocity 4.338E-1 1.275E-1 6.118E-3 
Analytical 4.434E-1 1.329E-1 6.738E-3 
Table 3(b). Predicted vs. analytic velocity maximum, K= 0.5 
Hartmann No. 1 4 10 
K 0.5 0.5 0.5 
Velocity 4.904E-1 4.945E-1 4.993E-1 
Analytical 5.OE-1 5.OE-1 5.OE-1 
Table 3(c). Predicted vs. analytic velocity maximum, K = 1 .O 
Hartmann No. 1 4 10 
K 1 1 1 
Velocity 5.470E-1 8.615E-1 9.925E-1 
Analytical 5.565E-1 8.671 E-l 9.932E-1 
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7. Discussion of results 2.0 , I I I I 
The numerical results obtained for all three problems 
seem to agree reasonably well with their analytical coun- 
terparts. In all cases fairly coarse grids were used and 
only a small number (about 30) of iterative sweeps was 
necessary for solution convergence. 
Results for the magnetic boundary layer show that, as 
expected, when the magnetic field strength increases (as 
indicated by an increasing N), so does the magnetic 
boundary layer thickness. The ratio of nonmagnetic 
boundary layer thickness to the magnetic one, as shown 
in Table I, follows the expected analytic expression. The 
difference between numerical and analytical results is 
very small. The appropriate boundary layer profiles are 
shown in one location in Figure 4, for N ranging between 
0.1 and 0.5. 
0.0 - I 
0.0 0.1 0.4 0.6 
Figure 6. Hartmann flow velocity profiles. 
Results presented for the magnetic channel flow prob- 
lem show values of the maximum velocity obtained at 
the center of the channel from numerical and analytical 
estimates. These two sets of values are illustrated in Table 
2. At worst the numerical solution is within 4.4% of the 
analytical. As the magnetic field strength increases, as 
indicated by an increasing Hartmann number M, the 
deviation between observed and analytical results in- 
creases. This may be an indication of incomplete con- 
vergence in the higher Hartmann number computations. 
The arresting influence of the Lorentz force on the 
velocities can be seen as a flattening of the velocity 
profiles in Figure 5. The transition between free stream 
velocity in the center of the channel and the stationary 
fluid at the walls is therefore confined to a thin boundary 
layer region that diminishes in thickness as A4 increases. 
because the force on fluid will be larger due to the 
magnitude of the current, which increases as K decreases. 
Velocity values for the couette flow case are again 
presented in the middle of the channel for various Hart- 
mann numbers and three K numbers. The K number 
represents the ratio of voltage to open circuit voltage and 
can vary between 0 for a closed circuit (i.e., a circuit 
external to the channel of zero resistance that permits 
the flow of a current) and unity for infinite resistance, 
that corresponds to an open circuit. We expect the 
velocity profile to rise less steeply with decreasing K 
Tables 3(u)-3(c) illustrate numerical and analytical 
velocities at the center of the channel for varying Hart- 
mann numbers and for K = 0, 0.5, 1.0, respectively. 
Again agreement between the two sets is very good. 
Figures 6-8 illustrate velocity profiles across the channel 
for the three K numbers. The velocity profile will be 
linear for a laminar Newtonian fluid, when there is no 
magnetic field. As the magnetic field (or the Hartmann 
number) increases the velocity profiles become highly 
nonlinear. The behavior of the shear layer is furthermore 
significantly affected by the value of the voltage param- 
eter K. For K = 0, i.e., for a closed-circuit condition, as 
we increase the Hartmann number, a progressively thin- 
ner layer of the fluid between the plates follows the top, 
moving plate. For an intermediate value of K, (K = OS), 
the velocity acquires an “S” profile that becomes more 
pronounced as the Hartmann number increases. For the 
highest value used, the fluid behaves as if it is composed 
of two sections, one which moves at the velocity of the 
moving plate, and the other which remains stationary. 
The two sections evenly divide the space between the 
0.0 
0.0 0.2 0.4 0.6 0.8 0.0 
0.0 0.2 0.4 0.6 0.B 10 
“*IwIcY H.ighr 
Figure 4. Boundary layer velocity profiles. Figure 6. Couette velocity profiles (K = 0). 
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Figure 7. Couette velocity profiles (K= 0.5). Figure 8. Couette velocity profiles (K = 1 .O). 
plates, with a thin shear layer separating them. Finally, 
as shown in Figure 8, for K = 1, i.e., the open-circuit 
condition, the bulk of the fluid in the channel follows the 
top plate movement as the Hartmann number increases. 
In fact, as the analytic solution shows, the result is exactly 
the opposite of that obtained with K = 0. 
In general, the velocity magnitude at any point in the 
channel will decrease as the Hartmann number increases 
and also as the voltage ratio K decreases. The former is 
due to an increase in magnetic field strength B, the latter 
to an increase in net current flow J. 
8. Conclusion 
This work demonstrates that the basic characteristics of 
MHD flow can be represented in a standard CFD 
framework. In all three flows selected for study, the 
analytical and numerical results agree quite well, using 
relatively coarse grids. Although the results shown are 
essentially one-dimensional, chosen because they are 
analytically tractable, the technique developed is three- 
dimensional. 
In these simulations the magnetic field has been as- 
sumed constant, and magnetic field lines are not influ- 
enced by the flow. Continuing work by the authors has 
produced a fully coupled system that solves, in addition 
to the equations of motion, the Maxwell equations, 
taking into account interactions introduced by the mov- 
ing conducting fluid. This study will be the subject of a 
subsequent paper. 
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